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1. INTRODUCTION 
In this note we shall prove that a homogeneous locally compact separable 
metrizable space can be written as the product of two spaces, one of which is 
connected and the other of which is totally disconnected. We arrived at this 
result while showing that certain one-dimensional spaces can be endowed with 
the structure of a flow in a non-trivial way [ 11. Mislove and Rogers [9] implicitly 
proved the compact case of our theorem. That every compact homogeneous 
metric space is a product should therefore be attributed to them. Our proof, 
as well as theirs, is based on a result by Effros [4] and a selection theorem by 
Michael [8]. We also present an example of a homogeneous separable metric 
space which does not have a product structure. Hence the assumption of local 
compactness in our theorem is essential. As a corollary to our main result we 
get that in a locally compact homogeneous separable metrizable space the 
component of a point coincides with the quasi-component of that point. 
2. PRELIMINARIES 
Let X be a locally compact separable metrizable space. In our proofs we need 
that H(X), the homeomorphism group of X, is a complete separable metrizable 
topological group which acts as a topological transformation group on X. In 
the following lemma a suitable metric for H(X) is defined. 
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LEMMA 1. Suppose X is a locally compact separable metrizable space. Let 
d be a compatible metric for the one-point compactification X of X. For , 
f; g E H(X) we let 
d,Cf,g)=sup{d(f(x),g(x))IxEX}+sup{dCf-’(x),g-’(x))txEX). 
Then dl is a metric which makes H(X) into a complete separable metrizable 
topological group and the natural action of H(X) on X, sending cf; x) E 
E H(X) xX to f(x) E X, is continuous. 
PROOF. Cf [3], Lemma 8. We write 8= XU {co>. A metric d, for the group 
H(X) of all homeomorphisms of X is given by the formula 
~,W;g)=max{ddf(x),g(x))IxE8} +max{dCf-‘(x),s-‘(x))lxE8},f,gEH(~). 
See [7] Theorem 11.18 and [5] Ch. 12, section 8.2. This makes H(X) into a 
complete topological group in such a way that the natural action of H(X) on 
X is continuous. Each element fe H(X) can be extended to a homeomorphism 
_?E H(X) by lettingf(joo) = 03. In this way H(X) can be identified with the closed 
subgroup of H(X) which consists of all homeomorphisms of 8 leaving 03 fixed. 
A topological space X is called homogeneous if its homeomorphism group 
H(X) acts transitively on it, i.e., for all y, z E X there is an f E H(X) such that 
KY) = z. 
LEMMA 2. Let X be a homogeneous locally compact separable metrizable 
space. Suppose that the metric d, is defined on H(X) as in Lemma 1. Then 
for each qE X the evaluation map e 4 : H(X)-+X, defined by e,(h) = h(q), 
h EH(X), is a continuous open surjective mapping. 
PROOF. The continuity of e4 follows from Lemma 1. Because H(X) is 
transitive, h is surjective. By Effros’ theorem the homogeneity and local 
compactness of X imply that e4 is open ([4] and [3], Theorem 1 and Lemma 1). 
3.THEOREM 
Our main result reads as follows: 
THEOREM. Every homogeneous locally compact separable metrizable space X 
is the product of a connected space Y and a O-dimensional space Z. 
REMARK. Obviously in the theorem both Y and Z are homogeneous, locally 
compact as well as separable metrizable. The space Y may be identified with 
a component of X. Because of homogeneity Z is at most countable and discrete 
or the Cantor set or the Cantor set minus one point [2]. 
PROOF. First we assume that Y is a quasi-component of X. Later on it turns 
out that Y is a component of X. Let Z be the quasi-component space, that is 
the quotient space obtained by identifying each quasi-component with a point. 
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problem whether every homogeneous complete (separable) metric space is the 
product of one of its quasi-components and a totally disconnected space. 
EXAMPLE. We exhibit a homogeneous separable metrizable space X which 
cannot be written as a product of a connected space and a totally disconnected 
space. In the Euclidean 3-space we consider a regular right-handed coordinate 
system (x, y, z) with the y-axis pointing to the right and the z-axis pointing 
upward. In the yz-plane we consider the sets H= ((0, y, ~$1 y E R, z E Q}, 
consisting of horizontal lines, and V= { (0, y, z) 1 y E Q, z E R}, consisting of 
vertical lines. Observe that Hand V can be transformed into each other by a 
rotation and that both H and V are invariant under translations by (0, t, 0) and 
(O,O,s), t and s from Q. The disjoint subsets A and B of R are defined by 
A=(t+rqqtEQ, neven}andB={t+nfiItEQ,nodd}.AnypointofAcan 
be moved to any other point of A by a translation by s+ nfi, where s E Q and 
n is even, which keeps each of A and B setwise invariant. In a similar fashion, 
any point of A can be moved to any point of B by a translation which moves 
A onto B and B onto A. Now let 
Y= {(KY, z)I=%(Q’, z)EH}, 
Z=~(~,Y,Z)~~EB,(O,~,Z)EI/} and 
x= YUZ. 
There is an abundance of translations in the homeomorphism group of X and 
pieces of these can be used to prove that the homeomorphism group of X is 
transitive. For example, using a sequence of damped translations over rational 
numbers on strips 
i 
fi If@ (X,Y,Z)lU- ; <x<u+ ; ) 1 
one can establish the existence of a homeomorphism of X which takes a point 
(u, U, ~1) to a point (u, u, z2) with u E B, u E Q and z2 - z, irrational. Note that 
every quasi-component of X is the intersection of X with a plane x= u, 
u E A U B, and that each component of X is a line. It follows that X does not 
have a product (or local product) structure. 
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